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1. INTRODUCTION
Let  be the set of ﬁnite simple groups; that is,  is a countable set
containing exactly one representative for each isomorphism class of ﬁnite
simple groups. There are various measures of the complexity of an element
S ∈  . The most elementary is the order S of S. Of course, it has the
property that, for each constant C, the set
S ∈   S ≤ C
is ﬁnite. A different measure of the complexity, more closely related to
the structure of S, is the length lS of the longest chain of subgroups of
S. This function gives a better measure of the complexity of S for many
computational problems. It has been studied widely [2–4, 7, 9–11].
This short note was inspired by a question of Guido Mislin: Does there
exist an inﬁnite setA ⊆  of non-abelian ﬁnite simple groups and a positive
integer N such that lG ≤ N for all G ∈ A? The answer to this question
is, “Yes.” In fact, we prove the following more detailed result.
Theorem A. Let r be any positive integer. Then there exists an inﬁnite set
 ⊆  and a bound N such that for each S ∈ , S is a ﬁnite simple group of
Lie type of Lie rank r and lS ≤ N .
Note that for the alternating groups, trivially lAn ≥ n− 1 for all n ≥ 4
and so no such inﬁnite set can be found among the alternating and sporadic
simple groups. If  consists of groups of Lie type, then N will bound both
the ﬁeld size exponent and the Lie rank. For if L = Lrq is a group of Lie
type of Lie rank r deﬁned over a ﬁeld of cardinality q = pm, p prime, and
if U is a Sylow p-subgroup of L, then lL > lU ≥ rm. Suppose N and
M are positive integers and that we have a set  ⊆  , such that for every
S ∈  we have that lS ≤ N and S has characteristic at most M (or S is
an alternating or sporadic simple group). The above remarks together with
the classiﬁcation of ﬁnite simple groups show that then  is ﬁnite. Thus the
only way  can become inﬁnite is by letting the set of characteristics run
through an inﬁnite set of primes.
Certain group theoretical conditions on a simple group S are related
to the characteristic of S (when S is of Lie type). One such condition is
that of S being of weak characteristic 2-type, which roughly picks out the
simple groups of Lie type in characteristic 2. (See Deﬁnition 3.1 below.)
We obtain the following result by an elementary proof without the use of
the classiﬁcation of ﬁnite simple groups. It plainly implies, in the notation
of the previous paragraph, that for  as in Theorem A, only ﬁnitely many
S ∈  are of weak characteristic 2-type. We denote by exp2n the exponent
of 2 in the 2-part of n.
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Theorem B. There is a function g2 N → N such that if G is a ﬁnite
group of weak characteristic 2-type, then we have
G ≤ g2exp2G ≤ g2lG
The function lS is closely connected to the number theoretical func-
tion . Recall that n is the number of primes dividing the positive
integer n, counting multiplicity. We show in Proposition 2.2 below that
lS ≤ S ≤ lS2. Hence, for any subset A ⊆  , the set lS  S ∈ A
is bounded if and only if the set S  S ∈ A is bounded. The main
ingredient in the proof of Theorem A is the following purely number
theoretic result.
Theorem C. For each positive integer n, there exist an inﬁnite set P of
primes and a positive integer N such that pn − 1 ≤ N for all p ∈ P .
For speciﬁc small values of n, one may give explicit values for the upper
bound N that permits an inﬁnite set P of primes such that pn − 1 ≤ N .
For example, when n = 2, we obtain that N can be taken to be 21. (See
Corollary 4.2 below.) This implies that, in answer to Mislin’s question, we
have the following.
Corollary D. There exist an inﬁnite number of non-isomorphic ﬁnite
non-abelian simple groups S such that lS ≤ 20. More precisely, there exist
inﬁnitely many primes p such that lPSL2 p ≤ 20.
Presumably, smaller values of N should also be possible, but ﬁnding them
would require a more elaborate number theoretic analysis.
2. COMPARING lS AND S
Lemma 2.1. Theorem C implies Theorem A.
Proof. Let r be any positive integer. Set n = r + 1, and let p be a prime
number. Then the group PSLnp is almost always a ﬁnite simple group
of Lie rank r. Set n0 = n!. By Theorem C, there exist an inﬁnite set P of
primes and a positive integer N such that pn0 − 1 ≤ N for all p ∈ P .
Since pi − 1 divides pn0 − 1 for i = 1     n, it follows directly from the
formula for the order of PSLnp that
PSLnp ≤ nN +
(
n
2
)

Set A to be the set of all simple groups of the form PSLnp, where
p ∈ P . Then A ⊆  , A is inﬁnite, and for each S ∈ A we have lS ≤
PSLnp ≤ nN + (n2). Hence, Theorem A holds, as desired.
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On the other hand, although lG does not bound G for non-abelian
simple groups G of any Lie rank, lG does bound G for all ﬁnite
groups G.
Proposition 2.2. There is a superadditive function h N→ N (i.e., ha+
b ≥ ha + hb for all a b) such that for all ﬁnite groups G, G ≤
hlG. In fact, we may take hn = n2.
Proof. Suppose such an h exists for all simple groups G. If G is a ﬁnite
group with composition factors Gi, then
lG = ilGi and G = iGi
and so
hlG ≥ ihlGi ≥ iGi = G
as claimed.
Thus it sufﬁces to show that hn = n2 works for all ﬁnite simple groups
G. Suppose, by way of contradiction, that this is not the case. Let G be a
ﬁnite group of minimum order such that G > lG2. By the previous
paragraph, G is a simple group. Let 2a be the order of a Sylow 2-subgroup
of G. Since a Sylow 2-subgroup is a proper nilpotent subgroup of G, we
have a < lG. If G is a sporadic simple group or the Tits group, it is
straightforward to check that G ≤ a2. Hence, G is not a sporadic
simple group or the Tits group.
Suppose G = An is an alternating group. Then G ≤ aωG, where
ωm denotes the number of distinct prime divisors of m. Since, in this case,
ωG ≤ a+ 1, it follows that G ≤ aa+ 1 < lG2, a contradiction.
Hence, by the classiﬁcation of ﬁnite simple groups, G is a group of Lie type.
We set l = lG. Suppose G has proper subgroups H, T1, T2, and T3 such
that H is a parabolic subgroup; T1, T2, and T3 are solvable; and G divides
H T1 T2 T3. Then, by induction, since H has a non-trivial normal solv-
able subgroup, we have H ≤ l − 22 + 1. It follows that
G ≤ l − 22 + 1+ 3l − 1 = l2 + 2 − l ≤ l2
Hence, such H, T1, T2, and T3 do not exist. If G  PSLn q, we may take
H to be a parabolic subgroup containing SLn − 1 q and T1 and T2 to
be Singer cycles of G and GL1 q. If G  PSUn q, we may take H
to be a parabolic subgroup containing SUn− 2 q, and T1, T2, and T3 to
be Singer cycles of PSUn q, of GLn− 1/2 q ≤ SUn− 1 q, and of
Spn − 1 q ≤ SUn − 1 q if n is odd, and T1, T2, and T3 to be Singer
cycles of PSpn q ≤ PSUn q, of SUn − 1 q, and of GLn/2 q if n
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is even. If G  PSp2n q, we may take H to be a parabolic subgroup
containing Sp2n− 2 q, and T1 and T2 to be Singer cycles of PSp2n q
and GLn q. If G  P2n + 1 q, we may take H to be a parabolic
subgroup containing 2n − 1 q and T1 and T2 to be Singer cycles of
GLn q ≤ +2n q and −2n q. If G  P+2n q, we may take
H to be a parabolic subgroup containing +2n − 2 q and T1 to be a
Singer cycle of GLn q and T2 to be a Singer cycle of −2n − 2 q. If
G  P−2n q, we may take H to be a parabolic subgroup containing
−2n − 2 q and T1 to be a Singer cycle of P−2n q and T2 to be a
Singer cycle of GLn− 1 q. Hence, G is not a classical group.
Assume there exist a Sylow p-subgroup P and solvable subgroups
T1     Tα ofG, for some α, such that the order ofG divides P T1 · · · Tα.
Then, we have
G ≤ α+ 1l − 1
Hence, as G is a counterexample, we must have α > l.
Since we have eliminated all of the other cases, G is now some excep-
tional group of Lie type in characteristic p. Let G be the corresponding
algebraic group and let F be the corresponding Frobenius map. We let, as
usual, q be the absolute value of the eigenvalues of the action of F on the
character group of a maximally split F-invariant torus. Every element of G
of order prime to p is contained in some maximal F-stable torus of G. By
Proposition 3.3.5 in [5], the order of the ﬁxed points TF of this maximal
torus under F is a polynomial Pq in q with rational coefﬁcients. Suppose
ﬁrst that q is rational. Then, Pq is actually a divisor of the order of G
when viewed in the ring of polynomials in one variable over the integers.
Let α be the number of irreducible polynomial factors of the p′-part of the
order of G counting multiplicities. Then, there exist a Sylow p-subgroup P
and tori T1     Tα of G such that the order of G divides P T1 · · · Tα.
It follows that α > l. On the other hand, the exponent of the order of
a Sylow p-subgroup of G provides a lower bound for l − 1. This yields a
contradiction in every case.
Hence, q is not rational. Writing q = q0√p, we get that the order of the
tori of G are divisors of the order of G when viewed as polynomials in q0
with coefﬁcients in Q√p. One can see that the number of tori needed
is at most 4 for 2B2q, at most 5 for 2G2q, and at most 12 for 2F4q.
Comparing again with the orders of the Sylow p-subgroup eliminates the
case 2F4q as we know that q ≥ 2
√
2. Hence, we are left with the cases
2B2q and 2G2q. However, considering the smallest member of these
families, we note that l ≥ 8 for 2B2q and l ≥ 29 for 2G2q. This ﬁnal
contradiction concludes the proof of the proposition.
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3. ELEMENTARY PROOF OF THEOREM B
In this section, we prove Theorem B without using the classiﬁcation of
ﬁnite simple groups.
Deﬁnition 3.1. We say that a ﬁnite group G is of weak characteristic
2-type if, for every 2-subgroup S of G we have that O2′ CGS = 1.
Although the concept of weak characteristic 2-type may be new to this
paper, it is closely related to certain other concepts which are central to
the proof of the classiﬁcation of the ﬁnite simple groups. For example, an
important subcase of the classiﬁcation proof is the classiﬁcation of ﬁnite
simple groups of characteristic 2-type. G is said to be of characteristic
2-type if F∗H is a 2-group for every 2-local subgroup H of G, where
F∗H is the generalized Fitting subgroup of H. In particular, this implies
that O2′ H = 1 for all 2-locals H. Thus any such G is of weak characteris-
tic 2-type. In particular, all of the so-called quasi-thin ﬁnite simple groups
are of weak characteristic 2-type.
We shall give an elementary proof of Theorem B. We proceed in a short
sequence of lemmas.
Lemma 3.2. Let G be a ﬁnite group of weak characteristic 2-type. If H
is the centralizer of a 2-subgroup of G, then H is also of weak characteristic
2-type. Also, if Z is a 2-subgroup of ZG, then G/Z is of weak characteristic
2-type.
Proof. Note that if S is a 2-subgroup of G, then O2′ NGS =
O2′ CGS.
Let H = CGR for some 2-subgroup R of G. Let S be a 2-subgroup
of H and let X = O2′ CHS. Note that CHS = CGRS and so X = 1.
Thus H is of weak characteristic 2-type.
Next let Z be a 2-subgroup of ZG and let S be a 2-subgroup of G
containing Z. Now NG/ZS/Z = NGS/Z and so the preimage in G of
O2′ NG/ZS/Z is X = Y × Z, where Y ∼= X/Z = O2′ NGS/Z. Hence
Y ≤ O2′ NGS = O2′ CGS = 1. Hence G/Z is of weak characteristic
2-type.
Theorem 3.3 (Brauer–Fowler Theorem). Let f x = x2! for x ∈ N. If
G = 1 is a ﬁnite group with O2′ G = 1, then there exists an involution t of
G with G ≤ f CGt.
Proof. We shall reduce this statement to the more traditional version of
the Brauer–Fowler Theorem which asserts that for L a ﬁnite simple group
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with an involution t such that CGt = c, we have
L < cc + 1
2
!
(See Corollary(2I) in [1].)
Let N be a minimal normal subgroup of G. As O2′ G = 1, N is a direct
product of simple groups of even order. We may choose an involution t in
one of these direct factors, L and set 2 ≤ CLt ≤ CGt = c. By the
traditional Brauer–Fowler Theorem it follows that L < cc + 1/2!. By
the structure of characteristically simple groups, every G-conjugate of t in
N − L commutes with t, and so
G = ctG < cL + c < c
(
cc + 1
2
!+ c
)
≤ c2!
as claimed.
Now deﬁne g2 N → N recursively by g20 = 1 and g2n + 1 =
4g2n2!
Lemma 3.4. Let G be a ﬁnite group of weak characteristic 2-type. Then
G ≤ g2exp2G.
Proof. Suppose not and let G be a counterexample with exp2G min-
imal. If G is odd, then G = 1 and the result holds. Hence G contains
an involution. By the Brauer–Fowler Theorem we may choose an invo-
lution t in G such that G ≤ c2!, where c = CGt. Let G2 = 2n+1,
n ≥ 0. Then by Lemma 3.2, H = CGt/t is of weak characteristic
2-type with H2 ≤ 2n. By induction H ≤ g2n. Thus c ≤ 2g2n and
G ≤ 4g2n2! = g2n+ 1, as claimed.
Theorem B is an immediate consequence of Lemma 3.4. As a corollary
we note the following fact.
Proposition 3.5. Let G be a ﬁnite group all of whose non-abelian simple
composition factors are of weak characteristic 2-type. If lG = n, then
G ≤ n log2g2n.
Proof. If n = 0, then G = 1 and G = 0 = 0 · log2g20. Thus we
may assume that n > 0. If S is an abelian composition factor of G, then
S = 1 ≤ log2g2n, since n > 0. Finally, let S be a non-abelian simple
composition factor of G. Then, by Lemma 3.4, S ≤ g2lS ≤ g2n. Now
S ≥ 2S and so
S ≤ log2S ≤ log2g2n
Thus G ≤ m log2g2n wherem is the number of composition factors
of G. As m ≤ n, we are done.
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Clearly, by using Proposition 3.5 we may reduce the proof of
Proposition 2.2 to a check for ﬁnite simple groups which are not of weak
characteristic 2-type. These groups are a subset of the set of “pump-ups” of
ﬁnite unbalanced simple groups, which were classiﬁed in the course of the
proof of the Unbalanced Group Theorem. (See [8] for a discussion.) Thus
we have the small satisfaction of knowing that Proposition 2.2 relies not on
the entire Classiﬁcation Theorem but only on about 2/3 thereof.
A ﬁnal comment in this section is that the analogue of the Brauer–Fowler
Theorem is known to be true for all primes p, although this is estab-
lished only after the fact of the Classiﬁcation Theorem. Clearly we may
deﬁne groups of weak characteristic p-type for all primes p by analogy
with Deﬁnition 3.1, and the arguments in Lemmas 3.2 and 3.4 go through,
mutatis mutandis, using the function gp deﬁned recursively by gp0 = 1
and gpn + 1 = p2gpn2!. Thus, as a corollary of the Classiﬁcation
Theorem, we obtain the following analogue of Theorem B.
Theorem Bp. There is a function gp N → N such that if G is a ﬁnite
group of weak characteristic p-type, then we have
G ≤ gpexppG ≤ gplG
Moreover, every ﬁnite simple group of Lie type in characteristic p is of
weak characteristic p-type. Thus the fallacy of the analogue of Theorem B
for the family of all simple groups is a consequence of the fact that there
is no universal bounding function g which works for all primes p.
4. NUMBER THEORY
In this section we prove the number theoretical results that we need.
We use standard sieve methods to obtain our results. We begin the proof
of Theorem C by setting up some notation. We use the notation of [6]
whenever possible. In particular, we denote by νd the number of prime
divisors of the square-free integer d (which, following the Hardy and Wright
notation followed by most articles on the function lG, we had denoted
by ωd earlier in the paper). This way we can use ω to deﬁne a speciﬁc
function needed in our case. We refer the reader to [6] for unexplained
notation. With the notation in place, we can state Lemma 4.1, which is a
more precise version of Theorem C.
Proof of Theorem C. Fix some positive integer n. Let  be the set of
primes p such that p− 1 divides n. Then  is a ﬁnite set. Let p ∈ . Let
m = f0p be the smallest positive integer m such that the exponent of
the multiplicative group Z/pmZ× does not divide n. We then select some
integer f1p relatively prime to p such that pm does not divide f1pn − 1.
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We set k = ∏p∈ pf0p. For each (large) real number x, we introduce the
set  = x,
 = pn − 1  p is a prime, p ≤ x and, for all q ∈ 
p ≡ f1q mod qf0q
We have chosen  such that, whenever a ∈ , for each q ∈ , we have that
qf0q does not divide a. We set X to be the following function of x:
X = lix · ∏
q∈
1
φqf0q =
lix
φk 
where φ denotes the Euler function and
lix =
∫ max2 x
2
dt
logt
is the logarithmic integral of x.
We will be sieving the set  with respect to , the set of all primes which
are not in . To this end, for each z ≥ 2, we set
S z = a ∈   if p ∈  and p < z then p  a
Our goal is to apply Theorem 7.4, on page 219 of [6]. In order to do so, we
need to check the hypotheses denoted by 1, 2κL, and Rκ α
in [6].
Condition 1 (see page 29 of [6]) says that, for each prime p, we should
have
0 ≤ ωp
p
≤ 1− 1
A1

In our case, for p ∈ , we have ω0p = ρp/p− 1p, where ρp is
the number of solutions of
yn − 1 ≡ 0 mod p
(See (1.3.51) in [6].) Since ρp < p− 1 by our choice of , and ρp ≤ n,
this implies that 0 ≤ ω0p ≤ 1 − 1/A1 for all p ∈ , for an appropriate
positive A1. It then follows, by the deﬁnition of ω (see (4.12) on page 28
in [6]), that 1 holds.
Condition 2κL appears on page 142 of [6]. We set κ to be the
number of divisors of n. Hence, xn − 1 is a product of κ distinct irreducible
polynomials. Therefore, by (1.3.17) in [6], we see that∣∣∣∣κ logx −
∑
p<x
ρp
p
logp
∣∣∣∣
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is bounded. Furthermore,∣∣∣∣−
∑
p<x
ρp
p
logp + ∑
p<x
ρp
p− 1 logp
∣∣∣∣ =
∑
p<x
ρp logp
pp− 1
is also bounded, as is
∑
p∈ p<x
ρp
p− 1 logp
It then easily follows that
−L ≤ ∑
w≤p<z
ωp logp
p
− κ log
(
z
w
)
≤ A2 if 2 ≤ w ≤ z †
where L and A2 are appropriate constants depending on n. Hence,
2κL holds.
By (1.4.15), (1.3.52), and (1.3.55) in [6], we have
Rd ≤ nνdEx dk + 1 if µd = 0
where µ is the Mo¨bius function, and
Ex k = max
1≤l≤k
l k=1
∣∣∣∣p ≤ x  p ≡ l mod k − lixφk
∣∣∣∣
is the maximal error term in the Prime Number Theorem for arithmetic
progressions modulo k. Bombieri’s deep theorem concerning these error
terms appears as Lemma 3.5 in [6]. Now using Lemma 3.5 (with U1 = κ+ 3,
h = 3n, k = k, C = C1κ+ 2 3nA), and Lemma 3.4 in [6], we obtain
∑
d<X1/2/ logC1 X
µ2d3νdRd 
x
logκ+2x  φk
X
logκ+1X 
Thus, Condition Rκ α, which appears on page 219 of [6], holds with
α = 1/2.
We may now apply Theorem 7.4 in [6]. Note however, that the second
inequality in the statement of the theorem is reversed due to a misprint.
We obtain that, if
z2 ≤ X
α
logXA4 
then we have
S z ≥ XW z
{
1− ηκ
(
α
logX
logz
)
− B15
Llog log 3X3κ+2
logX
}
 ∗
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where
W z = ∏
p∈
p<z
(
1− ωp
p
)

By page 212 in [6], ηκ is a strictly decreasing function and there is a
unique real number νκ such that ηκνκ = 1. Hence, for each u > νκ, we
have ηκu < 1. With this notation we can state the next lemma. This
lemma obviously implies Theorem C.
Lemma 4.1. There exist arbitrarily large primes P such that
Pn − 1 ≤
⌊
nνκ
α
⌋
+ ∑
p∈
f0p − 1
Proof. By the discussion above, we know that 1, 2κL, and
Rκ α of Theorem 7.4 in [6] hold. Set
9 = 1+ nνκ/α − nνκ/α
3n
> 0
We then consider only such x and z that the relation
νκ
α
+ 9 = logX
logz ∗∗
holds. Obviously, for arbitrarily large values of x there will be a corre-
sponding value of z, and as x goes to inﬁnity so does z. Since 9 > 0, we get
that
α
logX
logz > νκ
Taking exponentials, we obtain zνκ/α < X, so that z2 < X2α/νκ . By (4.11)
on page 213 of [6], νκ > 2, so that 2α/νκ < α, and it follows that
z2 ≤ X
α
logXA4
holds for all sufﬁciently large x. Hence, we may apply Theorem 7.4 in [6]
to our situation for all x sufﬁciently large. Note that
lim
X→∞
B15
Llog log 3X3κ+2
logX = 0
Since α logX/ logz > νκ, we have that ηκα logX/ logz < 1.
Hence, the inequality (*) yields
lim
x→∞S z = ∞
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Let x be so large that
2 log logx
logz =
2 log logx
logX
(
νκ
α
+ 9
)
< 9 and
logφk
logz < 9
Since X = lix/φk, the above inequalities hold for all sufﬁciently
large x. Clearly,
x
log2x ≤ lix for x ≥ e
Hence, by (**), we have
logx/φk log2x
logz ≤
logX
logz =
νκ
α
+ 9
It follows that
logx
logz ≤
νκ
α
+ 9+ 2 log logx
logz +
logφk
logz ≤
νκ
α
+ 39
It follows by our choice of 9 that
logxn
logz ≤
⌊
nνκ
α
⌋
+ 1
We know that the number of elements in the set
a ∈   if p ∈  and p < z then p  a
becomes arbitrarily large, as x becomes large. Let a be any element of this
set. We know that a = pn − 1, for some prime p ≤ x. Hence,
loga
logz <
⌊
nνκ
α
⌋
+ 1
It follows that the total contribution to a coming from primes in the
set  is at most nνκ/α. It follows that
a ≤
⌊
nνκ
α
⌋
+ ∑
p∈
f0p − 1
This completes the proof of the lemma and of Theorem C.
Corollary 4.2. There are inﬁnitely many primes p such that p2 −
1 ≤ 21.
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Proof. We just need to apply Lemma 4.1 to the case n = 2. Indeed, in
this case we have  = 2 3 and f02 = 4 and f03 = 2. Furthermore,
α = 1/2, κ = 2, and νκ = 442    (see p. 212 in [6]). Hence, there are
inﬁnitely many primes p such that
p2 − 1 ≤ 2 · 2 · 442 · · · + 4− 1 + 2 − 1 = 21
as desired.
Proof of Corollary D. Let p be a large prime such that p2 − 1 ≤ 21.
Such primes exist by Corollary 4.2. Then lPSL2 p = max1 + p −
1 1+p+ 1. (See for example [11].) Furthermore, 2 ≤ p− 1 and
2 ≤ p+ 1, which imply that maxp+ 1p− 1 ≤ 19. Hence,
lPSL2 p ≤ 20
Since the PSL2 p are non-isomorphic non-abelian ﬁnite simple groups
for p > 3, this concludes the proof of Corollary D.
Remark. If follows from † that W z ≥ C/ logκz, for some constant
C. Consequently, the sieve inequality (*) implies that the number of primes
p ≤ x satisfying pn− 1 ≤ N is actually x/logκ+1x as x→∞. This
is a quantitative version of Theorem C.
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